A problem of packing a limited number of unequal circular objects in a fixed size rectangular container is considered. The circular object is considered in a general sense, as a set of points that are all the same distance (not necessary Euclidean) from a center. The aim is to maximize the (weighted) number of objects placed into the container or minimize the waste. This problem has numerous applications in logistics, including production and packing for the textile, apparel, naval, automobile, aerospace and food industries. Frequently the problem is formulated as a nonconvex continuous optimization problem which is solved by heuristic techniques combined with local search procedures. We study a linear integer programming formulation based on approximating container by a regular grid. The nodes of the grid are considered as potential positions for assigning centers of the objects thus giving rise to a large scale linear 0-1 optimization problem with binary variables representing the assignment of centers to the nodes of the grid. Recursive packing allowing nesting circles inside one another is also considered. Numerical results are presented to demonstrate the efficiency of the proposed approach.
Introduction
Packing a set of items of known dimensions into one or more large objects or containers to minimize a certain objective (e.g., the unused part of the objects or waste) constitutes a family of natural combinatorial optimization problems applied in logistics, computer science, industrial engineering, manufacturing and production processes, material science and nanotechnology, medicine [3, 6-8, 10, 30] .
Packing problems for regular shapes (circles and rectangles) of objects and/or containers are well studied (see, e.g., a review [12] for circle packing). In circle packing problem the aim is to place a certain number of circles, each one with a fixed known radius inside a container. The circles must be totally placed in the container without overlapping. The shape of the container may vary from a circle, a square, a rectangular, etc. Circle packing problems can be classified into two categories depending on whether the circle objects are equal [2, 5, 9, 22, 28] or unequal [1, 11, 13, 14, 16, 23-25, 27, 30, 32] . For packing unequal circles it is frequently assumed that exactly one circle of each radius is available [12] . However in many logistic applications [6] the number of circles packed has to be large enough to fulfil the demand while the supply of the circles may also be limited.
In this paper we study packing unequal circular-like objects in a rectangular container using a regular grid to approximate the container. It is assumed that (inside a given interval) multiple objects of the same radius can be packed. The circular-like object is considered in a general sense, as a set of points that are all the same distance (not necessary Euclidean) from a given point. Thus different shapes, such as ellipses, rhombuses, rectangles, octagons can be treated the same way by simply changing the norm used to define the distance. The nodes of the grid are considered as potential positions for assigning centers of the circles. The packing problem is then stated as a large scale linear 0-1 optimization problem. Valid inequalities are used to strengthening the original formulation. Numerical results on packing unequal circles, squares, rhombuses and regular octagons are presented to demonstrate efficiency of the proposed approach. Recursive packing, i.e. nesting circular objects inside one another is also considered. To the best of our knowledge, the idea to use a grid for approximated solution was first implemented by Beasley [4] in the context of cutting problems. Recently this approach was applied in [9, [17] [18] [19] [20] [21] 29 ] for packing problems. This work is a continuation of [20] . The rest of the paper is organized as follows. Section 2 presents the main constructions: basic binary model and valid inequalities. Results of a numerical experiment are presented in Section 3, while the last section concludes.
Basic model
Suppose we have non-identical circles k
Here we consider the circle as a set of points that are all the same distance k R (not necessary Euclidean) from a given point. In what follows we will use the same notation k C for the figure bounded by the circle,
assuming that it is easy to understand from the context whether we mean the curve or the figure. Suppose that at most k M circles k C are available for packing and at least Since the circle k C assigned to the point i has to be no-overlapping with other circles packed, then we have
Then the problem of optimal packing can be stated as follows:
min , , ,
{0,1}, , constraints (4) that the point i can not be a centre of the circle k C if the distance from i to the boundary is less than k R ; pair-wise constraints (5) guarantee that there is no overlapping between the circles; constraints (6) represent the binary nature of variables. More details on the problem (1)-(6) and its properties one can find in [18] [19] [20] . Note that all constructions proposed above remain valid for any norm used to define a circular-like object. In fact, changing the norm affects only the distance 
and a suitable 0.5 1 γ < < we get an octagon, an intersection of a square and a rhombus.
To tightening the LP-relaxation for (1)- (6), we consider valid inequalities aimed to ensure that no grid point is covered by two circles. Define matrix 1,
We can treat (8) as a relaxed non-overlapping conditions and expect that refining the grid reduces overlapping. The valid inequalities (8) hold for any norm used to define the circular object. Numerical experiments presented in [18] [19] [20] demonstrate that aggregating valid inequalities (8) to the original problem (1)- (6) improves significantly the value of the corresponding LP-bound. Moreover, valid inequalities change the structure of the optimal LP-solution.
To consider nesting circular objects inside one another (recursive packing [25] ), we only need to modify the non-overlapping constraints. In order to the circle k C assigned to the point i be non-overlapping with other circles being packed (including circles places inside this circle), it is necessary that
Then the non-overlapping constraints for packing circular objects with nesting can be stated as 1, for ; ;( , )
Constraints (3) have to be omitted in the case of nesting.
Computational results
A numerical experiment was designed to evaluate the performance of the model (1)-(6) for packing different ( 1 K ≥ ) circular objects in a square rectangular container.
A rectangular uniform grid was used, such that all grid points are defined by the grid points on the edges of the square. Let L be a size of the square container, while N be a number of the equidistant grid points on its edge (and hence 2 n N = ). Similar to [23, 24, 26 ] the value of the radius was increased linearly with respect to the number of the circle. The following expression was used:
For all problem instances at least one circle of each radius has to be packed ( Six problem instances for each circular object were generated and solved using valid inequalities (8) for non-recursive packing. All optimization problems were solved by the system CPLEX 12.61 [15] . The runs were executed on an Intel (R) Xeon (R) CPU E3-1245 v3 @ 3.4GHz with 8 cores and 16Gb RAM. The computation was interrupted after the computational time exceeded 10 hours CPU time. As we can see from these tables, larger values of the mipgap correspond to "roundish" objects (circles and octagons) while for "angular" objects (squares and rhombuses) the mipgap is much smaller. We also note that although the computations were interrupted after 10 hours CPU time, both primal solution and mipgap remain almost unchanged after the first hour of computations. This effect was observed for all problem instances and shapes including recursive packing. Analyzing the final packing patterns we may conclude that for circles and octagons the small radii are used almost completely (close to the upper limit k M ), while for squares and rhombuses the distribution of radii used in the final packing is more uniform. The patterns for recursive packing seem to be sparse, however note that the smallest objects were completely used, , 1 ,2 
Conclusions
We presented numerical experiment with integer model for approximate packing unequal circular objects. A formulation permitting nesting circles inside one another (recursive packing) was also considered and numerically evaluated. Recursive packing was mentioned in [8, 10] in the context of packing pipes of different diameters into a shipping container and has not received much attention so far [25] . Two types of circular objects were studied -"roundish" (circle and right octagon) and "angular" (square and rhombus). The computational study indicates that (inside 10 hours of CPU time limit) the best primal solution as well as the corresponding mipgap remain almost unchanged after the first hour of computation. This may be caused by a low quality of dual bounds generated by the commercial software. An interesting direction for the future research is to study the use of Lagrangian relaxation and corresponding heuristics [31] to cope with large dimension of arising problems and to improve the dual bounds. Some complements in this direction are in course. This work was partially supported by CONACYT, Mexico (167019).
